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Abstract
Let E be an elliptic curve over an inﬁnite ﬁeld K with characteristic = 2, and  ∈
H 1(GK,E)[2] a two-torsion element of its Weil–Châtelet group. We prove that  is always
visible in inﬁnitely many abelian surfaces up to isomorphism, in the sense put forward by
Cremona and Mazur in their article (J. Exp. Math. 9(1) (2000) 13). Our argument is a variant
of Mazur’s proof, given in (Asian J. Math. 3(1) (1999) 221), for the analogous statement about
three-torsion elements of the Shafarevich–Tate group in the setting where K is a number ﬁeld. In
particular, instead of the universal elliptic curve with full level-three-structure, our proof makes
use of the universal elliptic curve with full level-two-structure and an invariant differential.
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1. Introduction
In their article [Cr-M], Cremona and Mazur introduce the notion of visibility for
elements of the Weil–Châtelet group of abelian varieties over number ﬁelds. Generaliz-
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ing this concept to abelian varieties over arbitrary ﬁelds along the lines of [A-S], one
naturally obtains
Deﬁnition 1. Let A be an abelian variety over a ﬁeld K with separable closure Ks and
absolute Galois-group GK = Gal(Ks/K). Suppose  : A ↪→ J is an embedding over
K of A into another abelian variety J, and let  ∈ H 1(GK,A) = WC(A/K) be an
element of the Weil–Châtelet group of A. Then  is said to be visible in J if under
the map ∗ : H 1(GK,A)→ H 1(GK, J ) on cohomology induced by , the cohomology
class  is sent to zero.
To give a geometric interpretation of visibility, note that an element  ∈ H 1(GK,A)
corresponds to a principal homogeneous space X/K of A. It follows from a simple
Galois cohomology computation that if  is visible in the abelian variety J in the
above sense, then X is contained in J as a subvariety, in fact as a translate of A.
The converse also holds under certain hypotheses (cf. the comments in [Cr-M]). Alge-
braically the cocycle  ∈ H 1(GK,A) corresponds to a K-rational point on the quotient
abelian variety B = J/A, the inverse image of which in J is the subvariety X from
above.
Since its inception, the notion of visibility has been explored from a number of
perspectives. Numerical computations described in [Cr-M] yield some unexpected (and
as yet unexplained) results regarding visibility of elements of the Shafarevich–Tate
group X(E/Q) of optimal elliptic curves E over Q in abelian surfaces inside J0(N),
where N = cond(E) is small (5500). Agashe and Stein give evidence in [A-S] for
the Birch–Swinnerton–Dyer conjecture for higher-dimensional modular abelian varieties,
also using elements of the Shafarevich–Tate group which become visible in the modular
Jacobian.
Along another line of investigation, the article [A-S] provides a construction—making
use of the concept of Weil restriction—which, for an abelian variety A over a ﬁeld
K, an element  ∈ H 1(GK,A) as above and a ﬁnite separable ﬁeld extension L/K
over which  becomes trivial, gives an abelian variety of dimension dim(A) · [L : K]
in which  is visible. If E/K is an elliptic curve, it follows that for every natural
number n2 an element  ∈ WC(E/K)[n] can be visualized in an abelian variety J
of dimension at most n2. If moreover K is a number ﬁeld and  ∈X(E/K)[n], the
dimension of J can be taken to be at most n; extending this construction for the special
case  ∈X(E/K)[2], Bruin even shows in his article [Br] how to ﬁnd inﬁnitely many
abelian surfaces in which  is visible.
In his article [M], Mazur shows that for an elliptic curve E/K over a number ﬁeld K,
any element  ∈X(E/K)[3] is, in fact, also visible in inﬁnitely many abelian surfaces,
thereby improving the result of [A-S] in two directions for this case. The proof proceeds
in two steps: First the question of visualizing  in an abelian surface is reduced to
ﬁnding an elliptic curve F which satisﬁes a full three-congruence with E and in which a
certain cohomology class vanishes. The existence of inﬁnitely many such curves F can
then be established by showing that the K-rational points are Zariski-dense in certain
twists of the characteristic-zero ﬁber of E(3), the (generalized) universal elliptic curve
with full level-three-structure. Here, crucial use is made of the representation of E(3)
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as the blow-up of P2 at nine points (the “Hesse cubic”) and of the local-to-global
principle (the “Hasse principle”) for projective space.
In this article we use a similar approach to prove the following
Theorem 1. Given an elliptic curve E over an inﬁnite ﬁeld K of characteristic = 2,
any element  ∈ H 1(GK,E)[2] is visible in inﬁnitely many abelian surfaces up to
isomorphism.
Remark. For elliptic curves over ﬁnite ﬁelds, the Weil–Châtelet group is trivial; hence,
the notion of visibility carries no content.
For the case  ∈ WC(E/K)[2], we thus again improve the result of [A-S] in
two directions: Firstly, Theorem 1 lowers the dimension of abelian varieties known
to visualize such cohomology classes from four to two. Secondly, the theorem could
also be seen as extending the result of [Br]—the existence of inﬁnitely many abelian
surfaces up to isomorphism in which  is visible—from elements of X(E/K)[2] in
the case of K a number ﬁeld to all two-torsion elements of the Weil–Châtelet group for
K any inﬁnite ﬁeld of characteristic = 2, albeit at the expense of losing the explicitness
of Bruin’s construction.
As the “universal elliptic curve with full level-two-structure” does not exist (since
the corresponding moduli problem is not rigid), we have to ﬁnd a suitable substitute
if we want to make Mazur’s method of proof work for our purpose. To this end
we will introduce a certain family of elliptic curves E and establish that it has the
properties necessary for an analogue of the argument sketched above: We will show
that E admits a birational map to projective three-space under which a certain subgroup
of its automorphisms descends, and observe that any twist of P3 by these induced
automorphisms is trivial. We can then translate Mazur’s approach to our setting. In fact,
as we will not need any additional conditions on the cohomology classes in question
(like, e.g., local triviality), the method in this case applies to all inﬁnite ground ﬁelds
K of characteristic = 2 and to two-torsion elements of the Weil–Châtelet group in
general, and not just to elements of the Shafarevich–Tate group in the number ﬁeld
case as [M] and [Br] do.
2. Preliminaries
We start by setting up the objects to be used in the proof of Theorem 1, and
by explaining some preliminary results, all of which can certainly be traced back to
“classical” ideas.
2.1. The family E and some automorphisms
Let E be the elliptic curve over Y = Spec(Z[1/2][, t][ 1
t(−1) ]) given by the afﬁne
“Legendre-type” equation
E : ty2 = x(x − 1)(x − ) (1)
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with structure morphism m : E → Y . Denote by P1, P2, P3 the two-torsion sections
of E/Y given by x = 0, x = 1, x = , respectively; we will use the notation O or P4
for the zero-section. We write tPi for translation on E by the section Pi , for i = 1, 2, 3.
The standard calculation using the secant method then shows that tP1 is given by
tP1 : (, t; x, y) → (, t; /x, −y/x2) (2)
on afﬁne coordinates. One also sees by a straightforward computation that the two
automorphisms s(12) and s(23) given by the formulae
s(12) : (, t; x, y) → (1− , −t; 1− x, −y) (3)
s(23) : (, t; x, y) → (1/, t/; x/, y/) (4)
generate compatible actions of S3 on E and on Y, permuting the three two-torsion
sections Pi, i = 1, 2, 3, as indicated by the subscripts. Finally one easily veriﬁes that
these actions and the translations by the two-torsion sections together generate an action
s :  → s of S4 on E/Y deﬁned over Z[1/2], indexed by the induced permutation of
the four sections P1, P2, P3 and P4 = O. The translation tP1 thus corresponds to the
automorphism s(14)(23), which together with s(12) and s(23) generates the action.
Remark. The elliptic curve E over Y is the universal elliptic curve E(2,) with full
level-two-structure and an invariant regular non-zero relative differential over the cor-
responding ﬁne moduli space Y (2,)/Z[1/2], as follows from a construction along
the lines of [KM, Chapter 2]. The universal differential on E is just  = dx/2y,
and the S3-actions on E and Y correspond to the action of SL2(F2) ∼= S3 on the
level-two-structure in the moduli problem, leaving  ﬁxed.
As opposed to Mazur’s proof in [M], we will not have to appeal to the universal
property of E in our argument, since we can ensure the existence of rational points
on certain twists of (the base change to the ﬁeld K from Theorem 1 of) E by Lemma
2 below. We mention, however, that the birational map to P3 introduced in the next
subsection is a good starting point for constructing “nice” compactiﬁcations of E(2,),
which will be the topic of a subsequent article.
2.2. A birational map to P3
Deﬁne the rational map  : E7P3(X0:X1:X2:X3) over Z[1/2] by the equation
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 is, in fact, birational: In order to construct the inverse rational map
 : P3(X0:X1:X2:X3)7 E , note that x(x − ) − (x − 1)(x − ) = x − , so that x =
X2/(X2 −X1), and








x(x − 1)(x − ) =
X20
X3(X2 −X1) ,
and it follows that  = X2(X3 −X1)/X3(X2 −X1).
The choice of the particular map  from E to P3 is justiﬁed by the following
Lemma 1. The action s of S4 on E from the previous subsection descends under 
to an S4-action p on P3(X0:X1:X2:X3) deﬁned over Z[1/2].
Proof. We will give formulae for the automorphisms of P3(X0:X1:X2:X3) induced by the
automorphisms s(12), s(23) and s(14)(23) = tP1 ; since they generate the S4-action on E ,
this establishes the result.
The map  ◦ s(14)(23) : E7P3(X0:X1:X2:X3) is given rationally by




























= (ty : (x − 1)(− x) : (x − 1) : x − ),
as follows from Eqs. (5) and (2). A simple calculation now shows that  ◦ s(14)(23) =
p(14)(23) ◦ , where
p(14)(23) : P3(X0:X1:X2:X3) → P3(X0:X1:X2:X3)
is the automorphism of projective three-space given by
p(14)(23) : (X0 : X1 : X2 : X3) → (X0 : −X1 : X3 −X1 : X2 −X1). (6)
Using Eqs. (3) and (4), one similarly obtains that s(12) and s(23) descend to automor-
phisms p(12) and p(23) of P3(X0:X1:X2:X3) given by
p(12) : (X0 : X1 : X2 : X3) → (X0 : X2 : X1 : X3), (7)
p(23) : (X0 : X1 : X2 : X3) → (X0 : X1 : X3 : X2).  (8)
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Remark. It can be shown without difﬁculty that the rational map  can be extended to
a morphism on all of E which collapses the four two-torsion sections to a point each
and is an isomorphism onto its image elsewhere. Note also that for specializations
0 = 0, 1 of  and t0 = 0 of t in Eq. (1),  embeds the elliptic curve E0,t0 into
P3(X0:X1:X2:X3) as a curve of degree four, as the intersection of the two quadrics
0X3(X2 −X1) = X2(X3 −X1),
t0X3(X2 −X1) = X20 .
In terms of linear systems, this embedding corresponds to the full set of global sections
of the line bundle L(O + P1 + P2 + P3) on E0,t0 .
2.3. Twists of E
Let K be a ﬁeld of characteristic = 2 with separable closure Ks and absolute Galois-
group GK , and let YK, EK and P3K denote the base changes to K of the schemes Y, E
and P3(X0:X1:X2:X3), respectively. Similarly we write mK : EK → YK and K : EK7P3K
for the base changes of the structure map m : E → Y and of the rational map  from
above.
Suppose V is a two-dimensional vector space over F2 with a continuous GK -action,
giving rise to a continuous representation
V : GK → GL2(F2) ∼= SL2(F2) ∼= S3,
uniquely determined up to conjugacy (depending on the choice of basis of V). Viewing
SL2(F2) as a subgroup of AutKs (YK) and of AutKs (EK), the homomorphism V induces
cocycles cYK,V ∈ H 1(GK,AutKs (YK)) and cEK,V ∈ H 1(GK,AutKs (EK)). Denote by
YK,V and EK,V the twists of YK and EK by cYK,V and cEK,V , respectively (for twisting
quasi-projective varieties cf. [Ser2, Section III.1.3.]). Since these twists are compatible
with the structure map and the zero-section, EK,V is an elliptic curve over YK,V with
structure map mK,V : EK,V → YK,V , say; moreover EK,V /YK,V has three non-trivial
two-torsion sections deﬁned over the Galois extension of K corresponding to the kernel
of V , and EK,V [2] ∼= V ×K YK,V as YK,V -group schemes (where we view V as a
group scheme over K).
2.4. Twists of P3(X0:X1:X2:X3)
The action of S4 on P3(X0:X1:X2:X3) deﬁned in Lemma 1 gives rise, by base change
to any ﬁeld K of characteristic = 2, to a K-rational action of S4 on the projective
three-space P3K . We will need the following.
Lemma 2. Any twist of P3K by the action of S4 is trivial.
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Proof. From the theory of twisting algebraic varieties we have a bijection between
the set of twists of P3K and the (pointed) set H 1(GK, PGL4(Ks)). We will show
that the S4-action on P3K can be lifted to a homomorphism h : S4 → GL4(K);
since the cohomology H 1(GK,GL4(Ks)) is trivial (see, e.g., [Ser1, Section X.1.]) we
deduce that the push-forward to H 1(GK, PGL4(Ks)) of any cocycle in H 1(GK, S4) =
Hom(GK, S4) is zero, and the result follows.
If we deﬁne new homogeneous coordinates (Y1 : Y2 : Y3 : Y4) for P3(X0:X1:X2:X3) by
setting
Y1 := 14 (X0 − 3X1 +X2 +X3),
Y2 := 14 (X0 +X1 − 3X2 +X3),
Y3 := 14 (X0 +X1 +X2 − 3X3),
Y4 := 14 (X0 +X1 +X2 +X3),
a straightforward calculation using Eqs. (6)–(8) shows that in terms of the new coor-
dinates, the automorphisms p are given by
p : (Y1 : Y2 : Y3 : Y4) → (Y(1) : Y(2) : Y(3) : Y(4))
for  = (14)(23), (12) and (23), and hence for all  ∈ S4. The base change to K now
produces the desired lift h : S4 → GL4(K). 
3. Proof of Theorem 1
The ﬁrst part of Mazur’s argument in [M] goes through to the setting of Theorem 1
without further changes. We give a brief summary:
Given an elliptic curve E over an inﬁnite ﬁeld K of characteristic = 2 and an
element  ∈ H 1(GK,E)[2], let  ∈ H 1(GK,E[2]) be a lift of  under the canonical
surjection H 1(GK,E[2]) → H 1(GK,E)[2]. Suppose F is another elliptic curve over
K such that E[2] ∼= F [2] as GK -modules and such that  is sent to zero under the
map H 1(GK,E[2]) ∼= H 1(GK, F [2]) → H 1(GK, F )[2]. Then the Galois cohomology
computation described in [M] shows that  is visible in the abelian surface J ﬁtting
into the exact sequence
0 → 	→ E × F → J → 0,
where 	 ∼= E[2] ∼= F [2] is embedded into E × F diagonally.
Noting that the elliptic curve E and the cohomology class  only appear in these
considerations through the Galois-module E[2] and the lift  ∈ H 1(GK,E[2]), Theorem
1 now follows directly from
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Proposition 1. Let V be a two-dimensional vector-space over F2 on which GK acts
continuously, and let  ∈ H 1(GK, V ) be any element of its ﬁrst Galois cohomol-
ogy. Then there are inﬁnitely many elliptic curves F over K up to isomorphism
such that V ∼= F [2] as GK -modules, and such that  is sent to zero under the
map
H 1(GK, V )→ H 1(GK, F )
on cohomology induced by the embedding V ∼= F [2] ↪→ F .
Proof. Recall the elliptic curve EK,V over YK,V deﬁned in Section 2.3: Since EK,V [2] ∼=
V ×K YK,V as YK,V -group schemes,  ∈ H 1(GK, V ) induces a cohomology class
′ ∈ H 1(GK,AutKs (EK,V )) and thus a twist E˜K,V of EK,V , along with a morphism
m˜K,V : E˜K,V → YK,V over K.
Suppose P is a K-rational point on E˜K,V over Q = m˜K,V (P ), say (hence Q is a
K-rational point on YK,V ). The ﬁber of EK,V over Q is an elliptic curve F over K
whose two-torsion F [2] is isomorphic to V as GK -modules. It follows, moreover, from
the construction of E˜K,V that its ﬁber over Q is the twist of F by the image of the
cocycle  under the map H 1(GK, V ) ∼= H 1(GK, F [2]) → H 1(GK, F )[2]. This twist,
however, has the K-rational point P on it and is hence trivial—so the image of  in
H 1(GK, F ) must be zero, and F has all the properties we demand! In order to ensure
the existence of inﬁnitely many such curves F up to isomorphism it thus sufﬁces to
show that the K-rational points are Zariski-dense on E˜K,V .
From our construction the variety E˜K,V can be seen to be a twist of EK by the K-
rational action of S4 deﬁned in Section 2.1, and we showed in Lemma 1 that this action
descends under K to a K-rational action of S4 on P3K . We thus obtain an induced
twist P˜3K of P
3
K , together with a birational map ˜K : E˜K,V 7 P˜3K . But from Lemma
2 it follows that P˜3K is isomorphic over K to P
3
K , and hence the K-rational points are
Zariski-dense on it. Consequently the same holds for the birationally equivalent variety
E˜K,V , and we deduce the result. 
Remark. It follows immediately from the proof of Proposition 1 that for char(K) > 3
there are, in fact, inﬁnitely many elliptic curves F with the stated properties and distinct
j-invariants.
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